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HOM-NOVIKOV ALGEBRAS
DONALD YAU
Abstract. We study a twisted generalization of Novikov algebras, called Hom-Novikov algebras,
in which the two defining identities are twisted by a linear map. It is shown that Hom-Novikov
algebras can be obtained from Novikov algebras by twisting along any algebra endomorphism. All
algebra endomorphisms on complex Novikov algebras of dimensions two or three are computed,
and their associated Hom-Novikov algebras are described explicitly. Another class of Hom-Novikov
algebras is constructed from Hom-commutative algebras together with a derivation, generalizing
a construction due to Dorfman and Gel’fand. Two other classes of Hom-Novikov algebras are
constructed from Hom-Lie algebras together with a suitable linear endomorphism, generalizing a
construction due to Bai and Meng.
1. Introduction and Main Results
Novikov algebras were introduced in the studies of Hamiltonian operators and Poisson brackets
of hydrodynamic type [17, 26, 27, 32, 33, 34, 52, 53, 54, 63, 64, 65]. They are closely related to
many topics in mathematical physics and geometry, including Lie groups [7, 12, 21, 55], Lie algebras
[6, 13, 22, 75], affine manifolds [39], convex homogeneous cones [62], rooted tree algebras [24], vector
fields [20], and vertex and conformal algebras [19, 37]. Novikov algebras form a subclass of the class
of left-symmetric algebras [20]. In particular, they are Lie-admissible algebras, which are important
in some physical applications, such as quantum mechanics and hadronic structures [2, 49, 50, 51, 60].
In other words, if A is a left-symmetric algebra (such as a Novikov algebra), then A gives rise to a
Lie algebra whose Lie bracket is the commutator bracket, [x, y] = xy − yx for x, y ∈ A.
To be more precise, recall that a left-symmetric algebra, also called a Vinberg algebra or a left
pre-Lie algebra, is a vector space A (over a ground field k of characteristic 0) together with a bilinear
multiplication µ : A⊗2 → A such that
(xy)z − x(yz) = (yx)z − y(xz) (1.0.1)
for x, y, z ∈ A. Here, and in the sequel, we often write µ(x, y) as xy. In other words, if a(x, y, z) =
(xy)z − x(yz) denotes the associator, then (1.0.1) says that a(x, y, z) is symmetric in the first two
variables, hence the name left-symmetric. A Novikov algebra is a left-symmetric algebra A that
satisfies the additional property
(xy)z = (xz)y (1.0.2)
for x, y, z ∈ A. In other words, if Ry denotes the right multiplication operator x 7→ xy, then (1.0.2)
says that the right multiplication operators on A commute with one another. Classifications of
Novikov algebras, possibly with additional properties, are known in low dimensions [6, 8, 9, 10, 11,
13, 15, 16, 25, 38, 76].
The purpose of this paper is to study a twisted version of Novikov algebras, called Hom-Novikov
algebras, which are motivated by recent work related to Hom-type algebras. A Hom-Lie alge-
bra consists of a vector space L, a linear self-map α, and a bilinear, skew-symmetric bracket
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[−,−] : L⊗2 → L, satisfying (i) α[x, y] = [α(x), α(y)] (multiplicativity) and (ii) the following Hom-
Jacobi identity for x, y, z ∈ L:
[[x, y], α(z)] + [[z, x], α(y)] + [[y, z], α(x)] = 0. (1.0.3)
Lie algebras are examples of Hom-Lie algebras in which α is the identity map. Earlier precursors
of Hom-Lie algebras can be found in [36, 43]. Hom-Lie algebras were introduced in [35] (without
multiplicativity) to describe the structure on some q-deformations of the Witt and the Virasoro
algebras. Hom-Lie algebras are closely related to discrete and deformed vector fields and differential
calculus [35, 41, 42] and have applications to number theory [40], generalizations of the various Yang-
Baxter equations, braid group representations, and related algebraic objects [70, 71, 72, 73, 74].
Just as Lie algebras are closely related to associative algebras, Hom-Lie algebras are closely related
to the so-called Hom-associative algebras. A Hom-associative algebra [45] consists of a vector space
A, a linear self-map α, and a bilinear map µ : A⊗2 → A, satisfying (i) α(µ(x, y)) = µ(α(x), α(y))
(multiplicativity) and (ii) Hom-associativity,
(xy)α(z) = α(x)(yz) (1.0.4)
for x, y, z ∈ A. It is shown in [45] that, if (A, µ, α) is a Hom-associative algebra, then (A, [−,−], α)
is a Hom-Lie algebra, where [x, y] = xy − yx is the commutator bracket. Conversely, Hom-Lie
algebras have universal enveloping Hom-associative algebras [66, 68]. Many examples of Hom-Lie
and Hom-associative algebras are given in [45, 48, 67]. Free Hom-algebras can be obtained using the
constructions in [66, 68]. Related Hom-type algebras, in which the defining identities are similarly
twisted by a linear map, have been studied in [3, 4, 23, 29, 30, 31, 44, 46, 47, 68, 69].
Following the patterns of Hom-Lie and Hom-associative algebras, we define aHom-Novikov algebra
as a triple (A, µ, α) in which A is a vector space, µ : A⊗2 → A is a bilinear map, and α : A→ A is a
linear map, satisfying the following three conditions for x, y, z ∈ A:
α(xy) = α(x)α(y), (1.0.5a)
(xy)α(z)− α(x)(yz) = (yx)α(z)− α(y)(xz), (1.0.5b)
(xy)α(z) = (xz)α(y). (1.0.5c)
Comparing (1.0.5) with (1.0.1) and (1.0.2), we see that Novikov algebras are examples of Hom-
Novikov algebras in which α is the identity map. For a Hom-Novikov algebra (A, µ, α), we call µ the
Hom-Novikov product of A. Likewise, if only (1.0.5a) and (1.0.5b) are satisfied, then we call (A, µ, α)
a Hom-left-symmetric algebra. In particular, a Hom-Novikov algebra is a Hom-left-symmetric algebra
that also satisfies (1.0.5c).
We now construct several classes of Hom-Novikov algebras, starting with either a Novikov algebra
or a certain kind of Hom-algebra together with a suitable self-map. Proofs will be given in later
sections.
First, from the defining axioms (1.0.5), one can think of a Hom-Novikov algebra as an α-twisted
version of a Novikov algebra. This intuitive interpretation can be made precise. There is a general
strategy, first used in [67, Theorem 2.3] and later in [3, 4, 29, 30, 31, 44, 48, 68, 69], to deform an
algebraic structure to the corresponding type of Hom-algebra via an endomorphism. If µ : A⊗2 → A
is a bilinear multiplication, then an algebra morphism f : A→ A is a linear map that commutes with
the multiplication in A, i.e., f ◦µ = µ◦ f⊗2. The following result says that Novikov algebras deform
into Hom-Novikov algebras along any algebra morphism. This yields a large class of examples of
Hom-Novikov algebras.
Theorem 1.1. Let (A, µ) be a Novikov algebra and α : A → A be an algebra morphism. Then
Aα = (A, µα = α ◦ µ, α) is a Hom-Novikov algebra.
We call (A, µα, α) a Hom-Novikov deformation of the Novikov algebra (A, µ) along the algebra
morphism α. One can use Theorem 1.1 to obtain many examples of Hom-Novikov algebras. In order
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to apply Theorem 1.1 on a specific Novikov algebra A, one has to know at least some of the algebra
morphisms on A. As an illustration of the utility of Theorem 1.1, in Sections 3 and 4 we will classify
all the algebra morphisms α on all the complex 2-dimensional and 3-dimensional Novikov algebras,
and describe their corresponding Hom-Novikov products µα = α ◦ µ. We will use the classification
of Novikov algebras over C in dimensions at most three given in [8]. As a result, we obtain all the
complex 2-dimensional and 3-dimensional Hom-Novikov algebras that can possibly be constructed
using the twisting method in Theorem 1.1. The sub-classes of algebra automorphisms on complex
Novikov algebras of dimensions 2 and 3 were computed in [14].
Next we discuss constructions of Hom-Novikov algebras that mimic known constructions of
Novikov algebras. One such construction of Novikov algebras, due to Dorfman and Gel’fand [34],
starts with an associative and commutative algebra (A, µ) and a derivation D : A → A. The new
product
a ∗ b = µ(a,D(b)) = aD(b) (1.1.1)
for a, b ∈ A makes (A, ∗) into a Novikov algebra. To generalize this construction, we define a
Hom-commutative algebra to be a Hom-associative algebra whose multiplication is commutative. A
derivation on a Hom-associative algebra is defined in the usual way. Then we have the following
result, generalizing the Dorfman-Gel’fand product (1.1.1).
Theorem 1.2. Let (A, µ, α) be a Hom-commutative algebra and D : A → A be a derivation such
that Dα = αD. Then (A, ∗, α) is a Hom-Novikov algebra, where ∗ is defined as in (1.1.1).
The following result is a consequence of Theorem 1.2.
Corollary 1.3. Let (A, µ) be an associative and commutative algebra, α : A → A be an algebra
morphism, and D : A → A be a derivation such that Dα = αD. Then (A, ∗, α) is a Hom-Novikov
algebra, where
x ∗ y = α(xD(y)) (1.3.1)
for x, y ∈ A.
Examples that illustrate Corollary 1.3 will be given in Section 2.
Another known construction of Novikov algebras, due to Bai and Meng [6], starts with a Lie
algebra and a suitable linear self-map. It is a Lie algebra analogue of the Dorfman-Gel’fand product
(1.1.1). For a Hom-Lie algebra (L, [−,−], α), write Z(α(L)) for the subset of L consisting of elements
x such that [x, α(y)] = 0 for all y ∈ L. Clearly if L is a Lie algebra (i.e. α = Id), then Z(Id(L)) =
Z(L) is the center of L.
Theorem 1.4. Let (L, [−,−], α) be a Hom-Lie algebra and f : L → L be a linear map such that
fα = αf . Define the products
x ⋆ y = [f(x), y], x ⋆′ y = [x, f(y)] (1.4.1)
for x, y ∈ L. Then we have:
(1) (L, ⋆, α) is a Hom-Novikov algebra if and only if the following conditions hold for x, y, z ∈ L:
f([f(x), y] + [x, f(y)])− [f(x), f(y)] ∈ Z(α(L)) (1.4.2)
and
[f([f(x), y]), α(z)] = [f([f(x), z]), α(y)]. (1.4.3)
(2) (L, ⋆′, α) is a Hom-Novikov algebra if and only if the following conditions hold for x, y, z ∈ L:
[[x, f(y)] + [f(x), y], f(α(z))]− [α(x), f([y, f(z)])] + [α(y), f([x, f(z)])] = 0 (1.4.4)
and
[f(x), f(y)] ∈ Z(α(L)). (1.4.5)
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Theorem 1.4 is a generalization of a result in [6] corresponding to α = Id. One can use Theorem
1.4 to generate Hom-Novikov algebras, starting with any Hom-Lie algebra L = (L, [−,−], α) and
any linear map f on L such that fα = αf . Indeed, there is a unique (up to isomorphism) largest
quotient Hom-Lie algebra L′ = (L′, [−,−]′, α′) of L on which f has an induced map f ′ and in which
the conditions (1.4.2) and (1.4.3) hold. In particular, (L′, ⋆, α′) is a Hom-Novikov algebra, where ⋆ is
defined as in (1.4.1) using [−,−]′ and f ′. The quotient Hom-Lie algebra L′ can be constructed using
an inductive procedure similar to the one in [66, 4.2] and [68, 2.8]. There is a similar construction
adapted to the other product ⋆′ in (1.4.1) and the conditions (1.4.4) and (1.4.5). In general, however,
the structure of the quotient L′ is not well understood.
Note that the expression in (1.4.2) is interesting from another viewpoint. Indeed, a Rota-Baxter
operator [18, 57, 58, 59] β on an associative algebra is a linear map that satisfies β(β(x)y+xβ(y)) =
β(x)β(y). The expression in (1.4.2) is closely related to the Lie algebra version of a Rota-Baxter
operator [56, 61] and the operator form of the classical Yang-Baxter equation [5, 28].
The rest of this paper is organized as follows. In Section 2, we will prove the results stated above.
At the end of Section 2, we will give examples that illustrate Corollary 1.3, involving (Laurent)
polynomial algebras (Example 2.2) and nilpotent derivations (Example 2.3). In Section 3, we will
classify all the algebra morphisms α on all the complex 2-dimensional Novikov algebras and describe
their associated Hom-Novikov products µα = α◦µ (Theorem 1.1). In Section 4, we will do the same
thing for 3-dimensional Novikov algebras and make a few concluding remarks.
2. Proofs
Lemma 2.1. Let A = (A, µ) be a not-necessarily associative algebra and α : A → A be an algebra
morphism. Then the multiplication µα = α ◦ µ satisfies
µα(µα(x, y), α(z)) = α
2((xy)z) and µα(α(x), µα(y, z)) = α
2(x(yz)) (2.1.1)
for x, y, z ∈ A, where α2 = α ◦ α. Moreover, α is multiplicative with respect to µα, i.e., α ◦ µα =
µα ◦ α⊗2.
Proof. Using the hypothesis that α is an algebra morphism, we have
µα(µα(x, y), α(z)) = α(α(xy)α(z))
= α2((xy)z),
proving the first assertion in (2.1.1). The other assertion in (2.1.1) is proved similarly. For the last
assertion, observe that both α ◦ µα and µα ◦ α⊗2 are equal to α ◦ µ ◦ α⊗2. 
Proof of Theorem 1.1. It is observed in [67, Corollary 2.5 (3)] that, if A is a left-symmetric algebra,
then Aα is a Hom-left-symmetric algebra. Therefore, it remains to show (1.0.5c) for the multiplica-
tion µα = α ◦ µ. We compute as follows:
µα(µα(x, y), α(z)) = α
2((xy)z) by Lemma 2.1
= α2((xz)y) by (1.0.2)
= µα(µα(x, z), α(y)) by Lemma 2.1.
This proves (1.0.5c) for the multiplication µα. 
Proof of Theorem 1.2. The multiplicativity of α with respect to ∗ (1.1.1) follows from the multi-
plicativity of α with respect to µ and the hypothesis Dα = αD. Next we check (1.0.5b) for the
multiplication ∗. We have
(x ∗ y) ∗ α(z)− α(x) ∗ (y ∗ z) = (xD(y))D(α(z)) − α(x)D(yD(z))
= (xD(y))α(D(z)) − α(x)(D(y)D(z)) − α(x)(yD2(z))
= −(xy)α(D2(z)).
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The last equality follows from Hom-associativity (1.0.4). Since µ is assumed to be commutative, the
expression −(xy)α(D2(z)) is symmetric in x and y, proving (1.0.5b).
For (1.0.5c), we have
(x ∗ y) ∗ α(z) = (xD(y))α(D(z))
= α(x)(D(y)D(z)),
which is symmetric in y and z because µ is commutative. 
Proof of Corollary 1.3. By [67, Corollary 2.5 (1)], (A, µα = α ◦ µ, α) is a Hom-associative algebra.
Since µ is commutative, so is µα. Thus, using Theorem 1.2, it suffices to show that D is a derivation
with respect to the multiplication µα. We compute as follows:
D(µα(x, y)) = D(α(xy))
= α(D(xy))
= α(D(x)y + xD(y))
= µα(D(x), y) + µα(x,D(y)).
This shows that D is a derivation with respect to the multiplication µα, as desired. 
Proof of Theorem 1.4. First note that α is multiplicative with respect to both ⋆ and ⋆′ (1.4.1), since
α ◦ [−,−] = [−,−] ◦ α⊗2 and fα = αf .
Consider the first assertion. The condition (1.0.5b) for the multiplication ⋆ (1.4.1) says
[f([f(x), y]), α(z)]− [f(α(x)), [f(y), z]] = [f([f(y), x]), α(z)]− [f(α(y)), [f(x), z]].
Using fα = αf and the skew-symmetry of [−,−], we can rewrite the above equality as
[f([f(x), y]) + f([x, f(y)]), α(z)] = [α(f(x)), [f(y), z]] + [α(f(y)), [z, f(x)]]
= −[α(z), [f(x), f(y)]].
The last equality follows from the Hom-Jacobi identity (1.0.3). Thus, (1.0.5b) holds for the multi-
plication ⋆ if and only if
[f([f(x), y]) + f([x, f(y)])− [f(x), f(y)], α(z)] = 0,
which is equivalent to (1.4.2). The condition (1.4.3) is simply a restatement of (1.0.5c) for the
multiplication ⋆. This proves the first assertion of Theorem 1.4.
The second assertion is proved by essentially the same argument, with (1.4.4) and (1.4.5) corre-
sponding to (1.0.5b) and (1.0.5c), respectively. Indeed, (1.4.4) is a restatement of (1.0.5b) for the
multiplication ⋆′ (1.4.1). On the other hand, the condition (1.0.5c) for the multiplication ⋆′ says
[[x, f(y)], f(α(z))] = [[x, f(z)], f(α(y))],
which is equivalent to
[[x, f(y)], α(f(z))] + [[f(z), x], α(f(y))] = 0.
Using the Hom-Jacobi identity (1.0.3), the previous line is equivalent to
[[f(y), f(z)], α(x)] = 0,
which is exactly (1.4.5). 
The following two examples illustrate how Corollary 1.3 can be applied to create concrete examples
of Hom-Novikov algebras.
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Example 2.2 (Hom-Novikov algebras from (Laurent) polynomial algebras). Consider the
one-variable polynomial algebra k[x], the differential operator D = d/dx on k[x], and the algebra
morphism α on k[x] determined by α(x) = x+ c, where c ∈ k is a fixed element. We have
D(α(xn)) = D((x + c)n)
= n(x+ c)n−1
= α(D(xn)),
which is sufficient to conclude that Dα = αD. By Corollary 1.3, the new product
f ∗ g = α(fD(g)) = f(x+ c)(D(g)(x + c))
yields a Hom-Novikov algebra (k[x], ∗, α).
The previous paragraph can be easily generalized to the n-variable (Laurent) case. Es-
sentially the same reasoning as above gives the Hom-Novikov algebras (k[x1, . . . , xn], ∗, α) and
(k[x±1
1
, . . . , x±1n ], ∗, α), where α is determined by α(xj) = xj + cj with each cj ∈ k. The Hom-
Novikov product f ∗ g is again given by α(fD(g)), where D = ∂/∂xi is the partial differential
operator with respect to xi for some fixed i ∈ {1, . . . , n}. 
Example 2.3 (Hom-Novikov algebras from nilpotent derivations). Let A be an associative
and commutative algebra and D : A → A be a nilpotent derivation on A. In other words, D is a
derivation such that Dn = 0 for some n ≥ 2. For example, if x ∈ A is a nilpotent element, say,
xn = 0, then the linear self-map ad(x) on A defined by ad(x)(y) = xy− yx is a nilpotent derivation
on A. Given such a nilpotent derivation D with Dn = 0, the formal exponential map
E = expD = IdA +D +
1
2!
D2 + · · ·+ 1
(n− 1)!D
n−1
is an algebra automorphism on A [1, p.26]. Since E is a polynomial in D, it follows that DE = ED.
Therefore, by Corollary 1.3, the new product x ∗ y = E(xD(y)) yields a Hom-Novikov algebra
(A, ∗, E). 
3. Examples of 2-dimensional Hom-Novikov algebras
In this and the next sections, we work over the ground field C of complex numbers. The purpose
of this section is to classify all the algebra morphisms α on all the 2-dimensional Novikov algebras
(A, µ) (i.e., α ◦ µ = µ ◦ α⊗2), using the classification of 2-dimensional Novikov algebras in [8].
From Theorem 1.1, we then obtain their corresponding 2-dimensional Hom-Novikov algebras Aα =
(A, µα = α ◦ µ, α).
First let us establish some notations, which will also be used in the next section. Let (A, µ) be
an n-dimensional Novikov algebra with a fixed C-linear basis {e1, . . . , en}. The multiplication µ is
completely determined by its n× n characteristic matrix M(µ) = (eiej), whose (i, j)-entry is
µ(ei, ej) = eiej =
n∑
k=1
dijk ek,
where the dijk are the structure scalars of µ. If α : A→ A is an algebra morphism and µα = α◦µ is the
associated Hom-Novikov product (Theorem 1.1), then its characteristic matrix is defined similarly
as M(µα) = (α(eiej)), i.e., its (i, j)-entry is
∑n
k=1 d
ij
k α(ek).
We denote a linear map α : A→ A by its n×n-matrixM(α) with respect to the basis {e1, . . . , en}.
In other words,M(α) = (aij), where the scalars aij are defined by α(ei) =
∑n
k=1 akiek for 1 ≤ i ≤ n.
Note that the 0-map, α(ei) = 0 for all i, is always an algebra morphism, and the characteristic
matrix M(µα) = (0). In other words, the 0-map gives rise to the trivial Hom-Novikov algebra
(A, µα = 0, α = 0), regardless of what µ is. Therefore, in what follows, we will omit mentioning the
0-map explicitly to avoid unnecessary repetitions.
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A linear map α on (A, µ) is an algebra morphism if and only if it commutes with µ, i.e., µ◦α⊗2 =
α ◦ µ. To determine which linear maps α are algebra morphisms, we apply both µ ◦ α⊗2 and α ◦ µ
to the n2 C-linear basis elements {e1 ⊗ e1, e1 ⊗ e2, . . . , en ⊗ en} of A⊗2. Using elementary algebra,
we then solve the resulting n2 simultaneous equations
(µ ◦ α⊗2)(ei ⊗ ej) = (α ◦ µ)(ei ⊗ ej)
for the entries in M(α). These simultaneous equations are tedious, but they are not difficult to solve
when A has dimensions two or three.
When the Novikov algebra (A, µ) has dimension two, all of its algebra morphisms are listed in
Table 1, where µ, α, and µα = α ◦ µ are presented as their respective matrices. The first column in
Table 1 lists all the (isomorphism classes of) 2-dimensional Novikov algebras, which are classified in
[8, Table 1]. The notations (T 1), (T 2), etc. are also taken from [8]. The second column in Table 1
lists all the algebra morphisms of the Novikov algebra, and the third column lists the corresponding
Hom-Novikov products µα. The scalars a, b, a1, a2, b1, b2, and λ run through C, unless explicitly
stated otherwise under the respective matrices.
Table 1: Algebra morphisms on 2-dimensional Novikov algebras
and their associated Hom-Novikov products.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)
(T 1) =
(
0 0
0 0
) (
a1 b1
a2 b2
) (
0 0
0 0
)
(T 2) =
(
e2 0
0 0
) (
a1 0
a2 a
2
1
) (
a21e2 0
0 0
)
(T 3) =
(
0 0
−e1 0
) (
0 b1
0 b2
)
,
(
a 0
0 1
) (
0 0
0 0
)
,
(
0 0
−ae1 0
)
b1b2 = 0 a 6= 0
(N1) =
(
e1 0
0 e2
) (
a1 b1
a2 b2
) (
a1e1 + a2e2 0
0 b1e1 + b2e2
)
ai, bi ∈ {0, 1} and
aibi = 0 for i = 1, 2
(N2) =
(
e1 0
0 0
) (
a 0
0 b
) (
ae1 0
0 0
)
a ∈ {0, 1}
(N3) =
(
e1 e2
e2 0
) (
1 0
0 b
) (
e1 be2
be2 0
)
(N4) =
(
0 e1
0 e2
) (
a b
0 1
) (
0 ae1
0 be1 + e2
)
(N5) =
(
0 e1
0 e1 + e2
) (
1 b
0 1
) (
0 e1
0 (1 + b)e1 + e2
)
(N6) =
(
0 e1
λe1 e2
) (
a 0
0 1
) (
0 ae1
λae1 e2
)
λ 6= 0, 1 a 6= 0
We make the following observations from Table 1.
(1) (T 1) and (N2) do not have non-trivial (i.e., non-zero and non-identity) deformations into
Hom-Novikov algebras via algebra morphisms, while the other seven 2-dimensional Novikov
algebras do.
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(2) All the 2-dimensional Novikov algebras have infinitely many algebra morphisms, except
(N1), which has exactly nine, including the 0-map.
(3) All the 2-dimensional Novikov algebras have infinitely many non-identity algebra automor-
phisms, except (N1), which has only one with α(e1) = e2, α(e2) = e1.
(4) For (N5) and (N6), all the non-zero algebra morphisms are invertible, since the determinants
for M(α) in these cases are always non-zero.
(5) For each of (N2), (N3), (N5), and (N6), the algebra morphisms commute with one another.
(6) (T 1), (T 2), (T 3), and (N1) have non-zero nilpotent algebra morphisms, while the other five
do not.
4. Examples of 3-dimensional Hom-Novikov algebras
We continue to work over the ground field C of complex numbers. The purpose of this section
is to classify all the algebra morphisms α on all the 3-dimensional Novikov algebras (A, µ) (i.e.,
α ◦ µ = µ ◦ α⊗2). We use the classification of 3-dimensional Novikov algebras in [8]. These Novikov
algebras are stated in the first columns of the tables below. From Theorem 1.1, we then obtain their
corresponding 3-dimensional Hom-Novikov algebras Aα = (A, µα = α ◦ µ, α).
We use the same notations and conventions as in the previous section. In particular, with respect
to a fixed C-linear basis {e1, e2, e3} of A, the multiplications µ and µα = α◦µ and the map α : A→ A
are presented as their respective 3 × 3 matrices M(µ) = (eiej), M(µα) = (α(eiej)), and M(α). To
compute the desired algebra morphisms, we use the same elementary method as described in the
previous section. More precisely, for each 3-dimensional Novikov algebra (A, µ), we solve the nine
simultaneous equations
(µ ◦ α⊗2)(ei ⊗ ej) = (α ◦ µ)(ei ⊗ ej)
with 1 ≤ i, j ≤ 3 for the entries in M(α). The computation is tedious but conceptually elementary.
In the tables below, the scalars a, b, c, a1, . . . , c3, and λ run through C, unless explicitly stated
otherwise underneath the matrix (e.g., case (A7)). In case (A6), the symbol
√
λ denotes either one
of the two square roots of λ. The 0 matrix is denoted by (0). To make the tables easier to read, we
sometimes state the algebra morphisms with slight overlap. For example, in case (A3), if one sets
c2 = b3 = b2 = 0, then all four types of algebra morphisms coincide. As in the previous section, the
0-map on A will not be stated separately or explicitly, since it is always an algebra morphism with
trivial associated Hom-Novikov product.
The classification of Novikov algebras (A, µ) of dimension three given in [8] is divided into five
classes, A through E. Together with their associated Hom-Novikov products µα = α ◦ µ (Theo-
rem 1.1), the classifications of algebra morphisms on 3-dimensional Novikov algebras are listed in
the five tables below, one for each of the five classes.
Table 2: Algebra morphisms on 3-dimensional Novikov algebras of type
A and their associated Hom-Novikov products.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)
(A1) = (0)


a1 a2 a3
b1 b2 b3
c1 c2 c3

 (0)
(A2) =


0 0 0
0 0 0
0 0 e1




c23 b1 c1
0 b2 c2
0 0 c3




0 0 0
0 0 0
0 0 c23e1


(A3) =


0 0 0
0 e1 0
0 0 e1




0 b c1
0 0 c2
0 0 ±ic2

 (0)
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Table 2: Continued.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)

b23 b1 c
0 0 ±b3
0 b3 0




0 0 0
0 b23e1 0
0 0 b23e1




b22 b1 c
0 b2 0
0 0 ±b2




0 0 0
0 b22e1 0
0 0 b22e1




0 b1 c
0 b2 0
0 ±ib2 0

 (0)
(A4) =


0 0 0
0 0 e1
0 e1 e2




c33 2c2c3 c1
0 c23 c2
0 0 c3




0 0 0
0 0 c33e1
0 c33e1 2c2c3e1 + c
2
3e2


(A5) =


0 0 0
0 0 e1
0 −e1 0




b2c3 − b3c2 b1 c1
0 b2 c2
0 b3 c3




0 0 0
0 0 (b2c3 − b3c2)e1
0 (b3c2 − b2c3)e1 0


(A6) =


0 0 0
0 e1 e1
0 −e1 λe1




0 b1 c1
0 0 0
0 b3 c3

 (0)
λ = 0

b22 b1 c
0 b2 0
0 b3 b2




0 0 0
0 b22e1 b
2
2e1
0 −b22e1 0


λ = 0

0 b c1
0 0 ±i
√
λc3
0 0 c3

 (0)
λ 6= 0

λb23 b1 c
0 0 −λb3
0 b3 0




0 0 0
0 λb23e1 λb
2
3e1
0 −λb23e1 λ2b23e1


λ 6= 0

b22 b1 c
0 b2 0
0 0 b2




0 0 0
0 b22e1 b
2
2e1
0 −b22e1 λb22e1


λ 6= 0

0 b1 c
0 ±i
√
λb3 0
0 b3 0

 (0)
λ 6= 0
(A7) =


0 0 0
0 0 e1
0 λe1 e2




c33 (1 + λ)c2c3 c1
0 c23 c2
0 0 c3




0 0 0
0 0 c33e1
0 λc33e1 (1 + λ)c2c3e1 + c
2
3e2


λ 6= 1
(A8) =


0 0 0
0 0 0
0 e1 e2




c33 c2c3 c1
0 c23 c2
0 0 c3




0 0 0
0 0 0
0 c33e1 c2c3e1 + c
2
3e2


(A9) =


0 0 0
0 0 0
0 e2 0




a1 0 c1
0 0 0
a3 0 c3

 (0)
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Table 2: Continued.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)

a1 0 c1
a2 0 c2
0 0 0

 (0)


a 0 c
0 b 0
0 0 1




0 0 0
0 0 0
0 be2 0


(A10) =


0 0 0
0 0 0
0 e2 e1




1 0 c
0 b 0
0 0 1




0 0 0
0 0 0
0 be2 e1




0 0 c1
0 0 c2
0 0 0

 (0)


c23 0 c1
0 0 0
0 0 c3




0 0 0
0 0 0
0 0 c23e1


(A11) =


0 0 0
0 0 0
e1 λe2 0




0 0 c1
0 0 c2
0 0 0

 (0)
0 6= |λ| ≤ 1 

0 0 0
0 0 0
0 0 c

 (0)
c 6= 0, 1

0 0 0
a 0 0
0 0 λ−1




0 0 0
0 0 0
ae2 0 0


λ 6= 1

0 b 0
0 0 0
0 0 λ




0 0 0
0 0 0
0 λbe1 0


λ 6= 1

0 b 0
a 0 0
0 0 −1




0 0 0
0 0 0
ae2 −be1 0


λ = −1

a1 b1 0
a2 b2 0
0 0 1




0 0 0
0 0 0
a1e1 + a2e2 b1e1 + b2e2 0


λ = 1

a 0 0
0 b 0
0 0 1




0 0 0
0 0 0
ae1 λbe2 0


λ 6= 1
(A12) =


0 0 0
0 0 0
e1 e1 + e2 0




0 0 c1
0 0 c2
0 0 c3

 (0)
c1 = c2 = 0 or c3 = 0

a b 0
0 a 0
0 0 1




0 0 0
0 0 0
ae1 (a+ b)e1 + ae2 0


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Table 2: Continued.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)
(A13) =


0 0 0
0 e1 0
e1
1
2
e2 0




0 0 c1
0 0 0
0 0 c3

 (0)
c1c3 = 0

0 b 0
0 0 0
0 0 1
2




0 0 0
0 0 0
0 1
2
be1 0




b2 0 0
0 b 0
0 0 1




0 0 0
0 b2e1 0
b2e1
1
2
be2 0


The case (B0) below is discussed in [8, 4.1], and is not stated with the other 3-dimensional
Novikov algebras of type B in [8, Table 3].
Table 3: Algebra morphisms on 3-dimensional Novikov algebras of type
B and their associated Hom-Novikov products.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)
(B0) =


e1 0 0
0 e2 0
0 0 e3




a1 b1 c1
a2 b2 c2
a3 b3 c3




∑
3
i=1
aiei 0 0
0
∑
3
i=1
biei 0
0 0
∑
3
i=1
ciei


aibi = aici = bici = 0,
ai, bi, ci ∈ {0, 1}
for i = 1, 2, 3
(B1) =


0 0 0
0 e2 0
0 0 e3




a 0 0
0 0 c2
0 0 c3




0 0 0
0 0 0
0 0 c2e2 + c3e3


c2, c3 ∈ {0, 1}

a 0 0
0 b2 0
0 b3 0




0 0 0
0 b2e2 + b3e3 0
0 0 0


b2, b3 ∈ {0, 1}

a 0 0
0 0 c
0 b 0




0 0 0
0 be3 0
0 0 ce2


b, c ∈ {0, 1}

a 0 0
0 b 0
0 0 c




0 0 0
0 be2 0
0 0 ce3


b, c ∈ {0, 1}
(B2) =


0 0 e1
0 e2 0
e1 0 e3




0 0 0
0 b2 c
0 b3 0




0 0 0
0 b2e2 + b3e3 0
0 0 ce2


b2, b3, c ∈ {0, 1} and b2c = 0

a 0 0
0 b c
0 0 1




0 0 ae1
0 be2 0
ae1 0 ce2 + e3


b, c ∈ {0, 1} and bc = 0
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Table 3: Continued.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)
(B3) =


0 0 e1
0 e2 0
0 0 e3




0 0 0
0 b c
0 0 0




0 0 0
0 be2 0
0 0 ce2


b, c ∈ {0, 1} and bc = 0

0 b1 0
0 b2 c
0 1 0




0 0 0
0 b1e1 + b2e2 + e3 0
0 0 ce2


b2, c ∈ {0, 1} and b2c = 0

a 0 c1
0 b c2
0 0 1




0 0 ae1
0 be2 0
0 0 c1e1 + c2e2 + e3


b, c2 ∈ {0, 1} and bc2 = 0
(B4) =


0 0 e1
0 e2 0
0 0 e1 + e3




0 0 0
0 b c
0 0 0




0 0 0
0 be2 0
0 0 ce2


b, c ∈ {0, 1} and bc = 0

1 0 c1
0 b c2
0 0 1




0 0 e1
0 be2 0
0 0 (1 + c1)e1 + c2e2 + e3


b, c2 ∈ {0, 1} and bc2 = 0
(B5) =


0 0 e1
0 e2 0
λe1 0 e3




0 0 0
0 1 0
0 0 0




0 0 0
0 e2 0
0 0 0


λ 6= 0, 1 

0 0 0
0 0 1
0 0 0




0 0 0
0 0 0
0 0 e2




0 0 0
0 0 0
0 1 0




0 0 0
0 e3 0
0 0 0




a 0 0
0 0 0
0 0 1




0 0 ae1
0 0 0
λae1 0 e3




0 0 0
0 1 0
0 1 0




0 0 0
0 e2 + e3 0
0 0 0




a 0 0
0 1 0
0 0 1




0 0 ae1
0 e2 0
λae1 0 e3




0 0 0
0 0 1
0 1 0




0 0 0
0 e3 0
0 0 e2




a 0 0
0 0 1
0 0 1




0 0 ae1
0 0 0
λae1 0 e2 + e3


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Table 4: Algebra morphisms on 3-dimensional Novikov algebras of type
C and their associated Hom-Novikov products.
Novikov algebra M(µ) Algebra Hom-Novikov products M(µα)
morphisms M(α)
(C1) =


0 0 0
0 0 0
0 0 e3




a1 b1 0
a2 b2 0
0 0 c




0 0 0
0 0 0
0 0 ce3


c ∈ {0, 1}
(C2) =


0 0 e1
0 0 0
e1 0 e3




0 b1 0
0 b2 0
0 0 0

 (0)


a 0 0
0 b 0
0 0 1




0 0 ae1
0 0 0
ae1 0 e3


(C3) =


0 0 e1
0 0 0
0 0 e3




0 b1 0
0 b2 0
0 0 0

 (0)


a 0 c
0 b 0
0 0 1




0 0 ae1
0 0 0
0 0 ce1 + e3


(C4) =


0 0 e1
0 0 0
0 0 e1 + e3




0 b1 0
0 b2 0
0 0 0

 (0)


1 0 c
0 b 0
0 0 1




0 0 e1
0 0 0
0 0 (1 + c)e1 + e3


(C5) =


0 0 e1
0 0 0
λe1 0 e3




0 b1 0
0 b2 0
0 0 0

 (0)
λ 6= 0, 1 

a 0 0
0 b 0
0 0 1




0 0 ae1
0 0 0
λae1 0 e3


(C6) =


0 0 e1
0 0 e2
e1 0 e3




a 0 0
0 b c
0 0 1




0 0 ae1
0 0 be2
ae1 0 ce2 + e3


(C7) =


0 0 e1
0 0 e2
e1 0 e2 + e3




a 0 0
0 1 c
0 0 1




0 0 ae1
0 0 e2
ae1 0 (1 + c)e2 + e3


(C8) =


0 0 e1
0 0 e2
0 0 e3




a1 b1 c1
a2 b2 c2
0 0 1




0 0 a1e1 + a2e2
0 0 b1e1 + b2e2
0 0 c1e1 + c2e2 + e3


(C9) =


0 0 e1
0 0 e2
λe1 0 e3




a 0 0
0 b c
0 0 1




0 0 ae1
0 0 be2
λae1 0 ce2 + e3


λ 6= 0, 1
(C10) =


0 0 e1
0 0 e2
λe1 0 e2 + e3




a1 0 c1
a2 1 c2
0 0 1




0 0 a1e1 + a2e2
0 0 e2
λ(a1e1 + a2e2) 0 c1e1 + (1 + c2)e2 + e3


λ 6= 1 λa2 = 0 = λc1
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Table 4: Continued.
Novikov algebra M(µ) Algebra Hom-Novikov products M(µα)
morphisms M(α)
(C11) =


0 0 e1
0 0 e2
e1 e2 e3




a1 b1 0
a2 b2 0
0 0 1




0 0 a1e1 + a2e2
0 0 b1e1 + b2e1
a1e1 + a2e2 b1e1 + b2e2 e3


(C12) =


0 0 e1
0 0 e2
e1 λe2 e3




a 0 0
0 b 0
0 0 1




0 0 ae1
0 0 be2
ae1 λbe2 e3


λ 6= 0, 1
(C13) =


0 0 e1
0 0 e2
λe1 ηe2 e3




a 0 0
0 b 0
0 0 1




0 0 ae1
0 0 be2
λae1 ηbe2 e3


λ, η 6= 0, 1 if η 6= λ

a1 b1 0
a2 b2 0
0 0 1




0 0 a1e1 + a2e2
0 0 b1e1 + b2e2
λ(a1e1 + a2e2) η(b1e1 + b2e2) e3


if η = λ
(C14) =


0 0 e1
0 0 e2
e1 e1 + e2 e3




a b 0
0 a 0
0 0 1




0 0 ae1
0 0 be1 + ae2
ae1 (a+ b)e1 + ae2 e3


(C15) =


0 0 e1
0 0 e2
λe1 e1 + λe2 e3




a b 0
0 a 0
0 0 1




0 0 ae1
0 0 be1 + ae2
λae1 (a+ λb)e1 + λae2 e3


λ 6= 0, 1
(C16) =


0 0 e1
0 0 e2
0 e1 e3




a b c
0 a 0
0 0 1




0 0 ae1
0 0 be1 + ae2
0 ae1 ce1 + e3


(C17) =


0 0 e1
0 0 e2
0 e1 e2 + e3




1 b c
0 1 b
0 0 1




0 0 e1
0 0 be1 + e2
0 e1 (b+ c)e1 + (1 + b)e2 + e3


(C18) =


0 0 e1 + e2
0 0 e2
0 −e2 e3




a 0 c
0 a c
0 0 1




0 0 a(e1 + e2)
0 0 ae2
0 −ae2 c(e1 + e2) + e3


(C19) =


0 0 e1 + e2
0 0 e2
0 −e2 e1 + e3




1 0 c
0 1 c
0 0 1




0 0 e1 + e2
0 0 e2
0 −e2 (1 + c)e1 + ce2 + e3


Table 5: Algebra morphisms on 3-dimensional Novikov algebras of type
D and their associated Hom-Novikov products.
Novikov algebra M(µ) Algebra Hom-Novikov products M(µα)
morphisms M(α)
(D1) =


e2 0 0
0 0 0
0 0 e3




a1 0 0
a2 a
2
1 0
0 0 c




a21e2 0 0
0 0 0
0 0 ce3


c ∈ {0, 1}
(D2) =


e2 0 e1
0 0 e2
e1 e2 e3




a1 0 0
a2 a
2
1 0
0 0 1




a21e2 0 a1e1 + a2e2
0 0 a21e2
a1e1 + a2e2 a
2
1e2 e3


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Table 5: Continued.
Novikov algebra M(µ) Algebra Hom-Novikov products M(µα)
morphisms M(α)
(D3) =


e2 0 e1
0 0 e2
e1 + e2 e2 e3




a1 0 0
a2 a1 0
0 0 1




a1e2 0 a1e1 + a2e2
0 0 a1e2
a1e1 + (a1 + a2)e2 a1e2 e3


a1 ∈ {0, 1}
(D4) =


e2 0 e1
0 0 e2
1
2
e1 0 e3




a 0 0
0 a2 c
0 0 1




a2e2 0 ae1
0 0 a2e2
1
2
ae1 0 ce2 + e3


(D5) =


e2 0 e1
0 0 e2
1
2
e1 0 e2 + e3




±1 0 0
0 1 c
0 0 1




e2 0 ±e1
0 0 e2
± 1
2
e1 0 (1 + c)e2 + e3


(D6) =


e2 0 e1
0 0 e2
λe1 (2λ− 1)e2 e3




a 0 0
0 a2 0
0 0 1




a2e2 0 ae1
0 0 a2e2
λae1 (2λ − 1)a2e2 e3


λ 6= 1
2
, 1 

0 0 c
0 0 c2
0 0 1




0 0 0
0 0 0
0 0 ce1 + c
2e2 + e3


λ = 0
Table 6: Algebra morphisms on the 3-dimensional Novikov algebra of
type E and their associated Hom-Novikov products.
Novikov algebra M(µ) Algebra morphisms M(α) Hom-Novikov products M(µα)
(E1) =


0 0 0
−e1 0 0
0 0 e3




0 b 0
0 0 0
0 0 c




0 0 0
0 0 0
0 0 ce3


c ∈ {0, 1}

a 0 0
0 1 0
0 0 c




0 0 0
−ae1 0 0
0 0 ce3


c ∈ {0, 1}

0 0 0
0 b 0
0 0 c




0 0 0
0 0 0
0 0 ce3


c ∈ {0, 1}
We end this paper with some concluding comments and observations.
(1) Some non-isomorphic Novikov algebras have isomorphic Hom-Novikov deformations with
non-trivial Hom-Novikov products. For example, the second type of algebra morphisms on
(B1) with a = 0 coincides with the first type of algebra morphisms on (B2) with c = 0.
Moreover, their corresponding Hom-Novikov products have the same non-zero characteristic
matrices. Therefore, they are isomorphic as non-trivial Hom-Novikov algebras, even though
the original Novikov algebras (B1) and (B2) are not isomorphic. The same phenomenon
also happens in dimension two. For example, the 2-dimensional Novikov algebras (N1) (with
a2 = b1 = b2 = 0 in its algebra morphisms) and (N2) (with b = 0 in its algebra morphisms)
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can be deformed into isomorphic Hom-Novikov algebras that have non-trivial Hom-Novikov
products. There are several other such pairs in the tables above.
(2) Related to the previous observation, note that we have not classified Hom-Novikov algebras
in low dimensions. Such a classification remains an open question. Perhaps the methods in
[30, 31] for the classification of Hom-associative algebras can be adapted to Hom-Novikov
algebras.
(3) Certain Novikov algebras are closely related to the geometry of Lie groups [8, 12, 55]. Is
there a similar relationship between Hom-Novikov algebras and some twisting of Lie groups?
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